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Linear Exercise
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Displacement Interpolation
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Stiffness Matrix
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Principle of virtual displacements:

Material law:

Displacement interpolation: 

Kinematic compatibility: 𝛿𝐮"#𝐅" = &
$
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Arbitrary virtual displacements: 𝐅" = 𝐊"𝐮" = &
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Force Interpolation
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𝐅! 𝑥 = 5𝐓!" 𝑥 𝐅" Prove transpose!



Flexibility Matrix
Principle of virtual forces:

Material law (flexibility, not stiffness):

Force interpolation: 

Equilibrium:

Arbitrary virtual force:

Result:
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Two Sides of the Same Coin
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Distributed Plasticity Elements
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Element Integration

𝛿𝐮"#𝐅" = &
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Kinematic compatibility: 𝛿𝐮"*𝐅" = &
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Displacement Interpolation
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Quadrature
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Rule x-values (Lobatto integration)

2-point –1, 1

3-point –1, 0, 1

4-point –1, –0.447, 0.447, 1

5-point –1, –0.655, 0, 0.655, 1



Section Integration

𝛿𝐮!#𝐅! = &𝛿𝜀 @ 𝜎	𝑑𝐴Principle of virtual displacements:

Kinematic compatibility: 𝛿𝐮!#𝐅! 	= & δ𝐮1#𝐓2!# @ 𝜎	𝑑𝐴

Arbitrary virtual displacements: 𝐅! = &𝐓2!# @ 𝜎	𝑑𝐴
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Fibres
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Displacement-based Element
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State Determination

1. Trial displacements, uf

2. Strain, 𝜀 = 𝐓2!𝐓!"𝐓"-𝐓-, 𝐓,3𝐓34 𝐮4

3. Stress for given strain or strain increment

4. Resisting forces: !𝐅4 𝐮4 = 𝐓34* ? 𝐓,3* 𝐓-,* 𝐓"-* &
$

%

𝐓!"# &𝐓2!# @ 𝜎	𝑑𝐴 𝑑𝑥 + M𝐅"



Force Interpolation

5𝑭! = 5𝑻!"5𝑭" 

– 



State Determination Detour

us

Iterations to determine the !𝐅" that 
gives 𝐮)

56789 − 𝐮) !𝐅) = 𝟎
Notice: 𝐮) !𝐅)  is compatibility

!𝐅!

!𝐅"

Iterations at the 
structural level

Resisting forces back to 
structural level

Iterations to determine the 𝐮1 that 
gives !𝐅156789 − !𝐅1 𝐮1 = 𝟎
Notice: !𝐅1 𝐮1  is equilibrium

𝐮)56789

𝜀56789 = 𝐓1:𝐮1

!𝐅156789 = 5𝐓!" !𝐅" 𝐮) = & 5𝐓1)# 𝐮1 𝑑𝑥



Displacement-based vs. Force-based

Displacement-based (G2 Element 12)

• Interpolates displacements (compatibility)

• Classical finite element approach

• Curvature is linear along element

• Require several elements along a member

Force-based (G2 Element 13)

• Interpolates forces (equilibrium)

• Bending moment is linear along element

• Allows nonlinear variation in curvature

• One element may be sufficient along a member

• Requires iterations within the element



Berkeley 
Notation:
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Concentrated Plasticity Elements

Element 8

Element 9

Element 10

Element 11

Element 7 Elastic perfectly plastic, i.e., end releases

Two-component parallel system

One-component series system with uniaxial hysteric materials

Rigid interior with uniaxial hysteric material in springs

Finite hinge lengths



First Event Factor

Rotation

Moment

Mu
Yielding

Overshoot

u

Mleft = Mu /hleft

hleftu

𝜂9<=5 =
𝑀>

𝑀9<=5



Second Event Factor

Rotation

Moment

Mrightwhen left yielded
Yielding of second hinge

Overshoot

u

Mright

hrightu

Mu

u when left yielded

𝜂67?@5 =
𝑀> −𝑀67?@5	B@<C	9<=5	D7<9E<E

𝑀67?@5 −𝑀67?@5	B@<C	9<=5	D7<9E<E



Element 7

𝐅) =

4𝐸𝐼
𝐿

2𝐸𝐼
𝐿

2𝐸𝐼
𝐿

4𝐸𝐼
𝐿

𝐮)

𝐅) = 𝜂9<=5 ⋅

4𝐸𝐼
𝐿

2𝐸𝐼
𝐿

2𝐸𝐼
𝐿

4𝐸𝐼
𝐿

𝐮) + 1 − 𝜂9<=5 ⋅
0 0

0
3𝐸𝐼
𝐿

𝐮)

𝐅) = 𝜂9<=5 ⋅

4𝐸𝐼
𝐿

2𝐸𝐼
𝐿

2𝐸𝐼
𝐿

4𝐸𝐼
𝐿

𝐮) + 1 − 𝜂9<=5 ⋅ 𝜂67?@5 ⋅
0 0

0
3𝐸𝐼
𝐿

𝐮) + 1 − 𝜂9<=5 ⋅ 1 − 𝜂67?@5 ⋅ 0 0
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Elastic:

First yield:

Second yield:

Element 7



Element 8

F, u

Parallel system:

u = u1 = u2

F = F1 + F2

F = F1 + F2 = K1u1 + K2u2 = (K1 + K2) u



Sum of Stiffness
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Element 9

F, u

Series system:

F = F1 = F2 = F3

u=u1+u2+u3

u = u1 + u2 + u3 = f1F1 + f2F2 + f3F3 = (f1 + f2 + f3) F

𝐟! =

𝐿
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+ 𝑓"#$% −
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6𝐸𝐼

−
𝐿
6𝐸𝐼

𝐿
3𝐸𝐼

+ 𝑓&'()%
𝑓*+,-./ =

𝐿
4 , 𝛼 , 𝐸𝐼



State Determination

Compatibility iterations on
𝐮)
56789 − 𝐮) !𝐅) = 𝟎

!𝐅!

!𝐅"

!𝐅1F67C?156789 = 5𝐓1) !𝐅)

From top-level
Newton-Raphson

Resisting forces
back to top level

Equilibrium iterations on 
!𝐅1F67C?156789 − !𝐅1F67C?1 𝐮1F67C?1 = 𝟎

𝐮)56789

𝐮1F67C?1

State determination 
for springs

𝐮) = 5𝐓1)# 𝐮1F67C?1



Spring Calibration

Curvature, k

Cross-section moment
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Plastic Rotation
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kyArea=Plastic rotation

Moment

Curvature
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More lectures:
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