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A short course on

Structural Reliability

This lecture: 
Functions & Transformations



Functions vs. Transformations
Tools to understand and solve the invariance problem

Functions of Random Variables

Have: 

Function y = h(x)

Want: 

Distribution or (second-moment info) for y

Probability Transformations

Have: 

Distribution (or second-moment info) for y

Want: 

Functional relationship y = h(x)



Concept

x

y

dx

dy

fX(x)

fY(y)
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fY(y) dy



Derived Distribution

Y = h(X )

fY (y) ⋅dy = fX (x) ⋅dx

fY (y) =
dFY (y)
dy

= dx
dy

⋅ dFX (x)
dx

= dx
dy

⋅ fX (x) =
dx
dy

⋅ fX (h
−1(y))fY(y)

X = h–1(Y)

𝐹! 𝑦 = 𝐹" 𝑥



Multivariate Case

A linear function of Normal random variables is Normal

A product function of Lognormal random variables is Lognormal

 fY (y1, y2,, yn )dy1dy2dyn = fX (x1, x2,, xn )dx1dx2dxn

fY (y1, y2 ,, yn ) = fX (x1, x2 ,, xn ) det(Jy,x )
−1



Moments: Expectation

E[Y ] = E[h(X)] =  h(x1, x2 ,, xn ) f (x1, x2 ,, xn )dx1 dx2dxn
−∞

∞

∫
−∞

∞

∫

E[a] = a
E[a ⋅h(X)] = a ⋅E[h(X)]

E[h1(X) + h2 (X)] = E[h1(X)]+ E[h2 (X)]
∂
∂θ
E[h(X,θ)] = E[ ∂

∂θ
h(X,θ)]

Var[a + X] = Var[X]
Var[b ⋅ X] = b2 ⋅Var[X]



Linear Functions

µY = E[Y ] = a + bi ⋅E[Xi ] = a + b
TMX

σ Y
2 = E Y − µY( )2⎡

⎣
⎤
⎦

= E a + biXi( )− a + bjµ j( )( )2⎡
⎣⎢

⎤
⎦⎥

= E biXi − bjµ j( )2⎡
⎣⎢

⎤
⎦⎥

= E biXi − bjµ j( ) ⋅ bkXk − blµl( )⎡⎣ ⎤⎦
= E biXi ⋅bkXk − biXi ⋅blµl − bjµ j ⋅bkXk + bjµ j ⋅blµl⎡⎣ ⎤⎦
= E biXi ⋅bkXk[ ]− E biXi ⋅blµl[ ]− E bjµ j ⋅bkXk⎡⎣ ⎤⎦ + E bjµ j ⋅blµl⎡⎣ ⎤⎦
= bibk ⋅E XiXk[ ]− bjbl ⋅µ jµl

= bibk ⋅Cov XiXk[ ]
= bTΣ XXb

Y = a + bTX = a + biXi



Correlation

Cov Y1,Y2[ ]= E Y1 − µY1( ) Y2 − µY2( )⎡⎣ ⎤⎦ = b
TΣ XXd

Y1=a+bTX: 

Y2=c+dTX: 

𝜌 =
Cov 𝑌#, 𝑌$
𝜎# , 𝜎$

Previous slide



Nonlinear Functions: First-order Approximation

Y = h(X) ≈ h(MX ) +∇h(MX )
T (X −MX )

µY = h(MX )

σY
2 = ∇h(MX )

T Σ XX∇h(MX )

Cov[Y1,Y2 ] = ∇h1(MX )
T Σ XX∇h2 (MX )



Nonlinear Functions: Second-order Approximation

𝑌 = ℎ 𝐗 ≈ ℎ 𝐌𝐗 +
𝜕ℎ 𝐌𝐗

𝜕𝐱

&

𝐱 −𝐌𝐗 +
1
2 𝐱 −𝐌𝐗

& 𝜕
$ℎ 𝐌𝐗

𝜕𝐱$ 𝐱 −𝐌𝐗

Hessian matrix, HGradient vector, ∇ℎ

𝜇! = ℎ 𝐌𝐗 +
1
2
, 𝐇 ∘ 𝚺 = ℎ 𝐌𝐗 +

1
2
,<
'(#

)

<
*(#

)

𝐻'* , Σ'* = ℎ 𝐌𝐗 +
1
2
, 𝐻'* , Σ'*

Hadamard element-wise multiplication and then summation



Probability Transformations
Tools to understand and solve the invariance problem

Functions of Random Variables

Have: 

Function y = h(x)

Want: 

Distribution or (second-moment info) for y

Probability Transformations

Have: 

Distribution (or second-moment info) for y

Want: 

Functional relationship y = h(x)



Probability-preserving Transformation

FX (x) = FY (y)

y = FY
−1 FX (x)( )

x = FX
−1 FY (y)( )

x = F−1 Φ(y)( )

x

y



Standardize One Variable

 
y = x − µ

σ
𝑥 = 𝜇 + 𝜎 , 𝑦

Standard means “zero mean and unit variance”



Standardize Vector
 y = a +Bx

MY = a + BMX = 0

  ΣYY = BΣ XXBT = I

Σ XX = B−1B−T

Σ XX = L LT

B = L−1

a = − L−1MX

y = L−1 x −MX( )

x =MX + Ly



Cholesky Decomposition

Σ XX = DXRXXDX = DXLL
TDX

y = L−1DX
−1 x −MX( )          ⇔          x =MX + DXLy

Covariance matrix, S: Entries depend on units

Correlation matrix, R: –1 < r < 1  



Nataf Transformation
zi = Φ−1 Fi (xi )( )

zi are Normal, assume jointly Normal

y = L−1z      ⇔       z = Ly

… because zi are standardized

… but what is the correlation between zi and zj ?

  
ρij =

xi − µi

σ i

⎛

⎝⎜
⎞

⎠⎟
x j − µ j

σ j

⎛

⎝
⎜

⎞

⎠
⎟ϕ2(zi , z j ,ρ0,ij )dzi dz j

−∞

∞

∫
−∞

∞

∫

Solve from:



Professor Der Kiureghian
“Structural and System Reliability” 2022 textbook (Cambridge Press)
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