A short course on

The Finite Element Method

This video:
The Finite Element Method for Truss and Beam Elements

Terje’s Toolbox is freely available at terje.civil.ubc.ca
It is created and maintained by Professor Terje Haukaas, Ph.D., P.Eng.,
Department of Civil Engineering, The University of British Columbia (UBC), Vancouver, Canada
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Boundary Value Problems

Load

Differential equation

Equili

brium

Stress

Displacement

Kinematic compatibility

Material law

Strain




Forms of the BVP

Strong form (differential equation)

Weight and integratel TRequire point-wise fulfilment

Weighted residual form
Integration by partsl Ilntegration by parts

Weak form (virtual work)

Anti-variation l IVariation

Variational form (energy)
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Forms of the Truss BVP

Strong form (differential equation): EA-u"+q, =0

Weight and integratel TRequire point-wise fulfilment
L
Weighted residual form: f(EA ‘U +qy) - dudx =0
0
Integration by partsl Tlntegration by parts

L
Weak form (virtual work): f(—EA W SU 4 gy Su) dx =0
. —
0

Anti-variation l IVariation

L
1
Variational form (energy): f (_f +EA-(W)? +q, - u) dx =0
0
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Weak Form = Virtual Work

Virtual work:

Principle of virtual displacements:

Substitute material law:
Substitute kinematic compatibility:

Weak form from previous slide:

SWint = Wext

L

Ja-Sst=jqx-6udx

0
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L

fE-e-Sst=qu'6udx
v

0

L L
fE-u’-(Su’dV=fEA-u’-cSu’dx=qu-6udx
v 0 0

L
f(—EA-u’-cSu’+qx-6u)dx=O
0
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Discretization

L
j(—EA-u’-(Su’+qxo5u)dx:0
0

u(x):Nu:[ N,(x) N,(x) }{ !

u,

L

0
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—[ EA(N'u)(N'5u)dx + 'qu (NSu)dx =0

L L
ou’ [—(_[EA-N'T N‘dxju+ _[quT dx) =0
0 0

U.EA-N'T N‘dx]u = jquT dx
0
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Beam Bending




Forms of the BVP

Strong form (differential equation): El-w" —-q,=0
Weight and integratel TRequire point-wise fulfilment
L
Weighted residual form: f(EI w'"—q,)-dwdx =0
0
Integration by partsl Tlntegration by parts
L
Weak form (virtual work): J(EI W SW — g, - 6w) dx = 0
0
Anti-variation l IVariation

L
Variational form (energy): j G CEl-(Ww")2—gq,- W) dx = 0
0
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Weak Form = Virtual Work

Virtual work: SWint = OWext

L

0-6£dx=fqz-6wdx
0

Principle of virtual displacements:

<'S

L

Substitute material law: fE r€-0edx = JCIZ - 0w dx
%4

0

L L
Substitute kinematic compatibility: JE cw'eew' - z% dx = JEI -w' - Sw' dx = f q, - 6w dx
v 0

0

L
Weak form from previous slide: J(EI cw'" 6w —q, - dw)dx =0
0



Discretization

L
j(EI.W”.SW”_qZ'6W)dx:O
0

N

3 2 2

1
Nl(X):_L_x +Zx - X

2

1 1
Nz(x):_Fx3 +Zx2

1.0
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M — [ Er-(Nu)-(N'Su) de—[" g, (Now) dx=0
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Stiffness matrix, K Load vector, F




More lectures:

Terje’s Toobox:

terje.civil.ubc.ca




