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A short course on

Probabilities and Random Variables

This video: 
Individual Random Variables
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PDF is Density
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f(x)

P(X=x) = 0

fX (x) ≡ P(x ≤ X ≤ x + dx)



Cumulative Distribution Function
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f (x) = dF(x)
dx



Complementary CDF

Discrete random variables: PMF à Sum gives CDF à Complement gives CCDF

Continuous random variables: PDF à Integration gives CDF à Complement gives CCDF
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GX (x) = 1− FX (x)



Structural Moments
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Cross-section Moments
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Statistical Moments

Moments Central moments

First-order

Second-order E[X 2 ]= x2 ⋅ fX (x) dx
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Variance is the mean square minus the square of the mean
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Mean from CCDF

E[X]= − x ⋅G(x)
dx

dx
0

∞

∫

E[X]= G(x)dx
0

∞

∫

x

G(x)

1.0

µX = E[X]= x ⋅ fX (x) dx
−∞

∞

∫



Coefficient of Variation

δ X =
σ X

µX

γ X =
E[(x − µX )

3]
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κ X =
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4 ]
σ 4

X

Assuming 10% coefficient of variation, what is the standard deviation of the modulus of elasticity, E=210,000MPa?



Distribution Types

Normal 
Lognormal 

Uniform 

Exponential Gamma Rayleigh 

Beta Chi-squared t 

Logistic 
Weibull 

Type I, Gumbel 



Normal

Central limit theorem

Sum of random phenomena
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Standard Normal
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Lognormal

Product of random phenomena

X = Z1 ⋅Z2Zn

ln X( ) = ln Z1( ) + ln Z2( ) ++ ln Zn( )

Central limit theorem

Y = ln(X)

Definition of lognormal variable, X



Lognormal Distribution

Y = ln(X)

f (x) = 1
x
⋅ϕ ln(x)− µY
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Probability transformations:

fX (x) ⋅dx = fY (y) ⋅dy     ⇒      fX (x) = dy
dx

⋅ fY (y) = 1
x
⋅ fY ln(x)( )
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Notation

µY = ζ
σ Y =σ



Fragility Functions

µY = ln(mX )

ln(x) − µY = ln(x) − ln(mX ) = ln
x
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