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A short course on

The Finite Element Method

This video: 
Computational Stiffness Method & Matrix Structural Analysis
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Elements & Degrees of Freedom

Plate element
2D continuum element

Frame element



Stiffness Method

K11 u1 + K12 u2 = F1

K21 u1 + K22 u2 = F2 

Ku=F dWint = dWext (PVD)

Finite Element Method



Hand Calculations

Kij = force along DOF i due to unit 
displacement/rotation along DOF j

Sketch displaced shape for a unit displacement along 
DOF j, with all other DOFs clamped

Determine force along DOFs to maintain that displaced 
shape, i.e., Kij, which forms column number j of K

Do that for all DOFs to establish all columns of K

Check that K is symmetric with positive diagonal
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Computational Approach



Configurations

ubFb BASIC

ulFl

ugFg

uaFa

ufFf
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Transformation Matrices

ulFl Fl=Klul

ul=TlgugFg=TlgFl

ugFg
T

Global

Local

Fg=(TlgKlTlg)ug

T

Kg
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Fg = TlgFl
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= TlgKlul
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Tδul = 0
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Tδug − Fl

TTlgδug = Fg
T − Fl

TTlg( )δug = 0
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T − Fl

TTlg = 0     ⇒      Fg −Tlg
TFl = 0     ⇒      Fg = Tlg
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Summary

ubFb Kb BASIC

ub=TblulFl=TblFb

ulFl Kl=TblKbTbl

ul=TlgugFg=TlgFl

ugFg Kg=TlgKlTlg

ug=TgauaFa= S(TgaFg)

uaFa

ua=TafufFf=TafFa

ufFf Kf=TafKaTaf
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Basic à Local

Tbl =
−1 0 0 1 0 0
0 −1 / L 1 0 1 / L 0
0 −1 / L 0 0 1 / L 1
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Local à Global
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Tlg =

cos(θ) sin(θ) 0 0 0 0
− sin(θ) cos(θ) 0 0 0 0
0 0 1 0 0 0
0 0 0 cos(θ) sin(θ) 0
0 0 0 − sin(θ) cos(θ) 0
0 0 0 0 0 1

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

ul=Tlgug

q

1

sin
(q)

cos(q)



Global à All
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All à Final
FINAL
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Inefficient Assembly

K f = Taf
T Tga,i

T Tlg,i
T Tbl ,i

T kb,iTbl ,iTlg,iTga,i
i=1

numEl
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Efficient Assembly

DOFs 
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Ka(idi, idi) += Kg 
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How to get Kb?
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Load Vector

𝐊𝐮 = ?𝐅 − A𝐅 = 𝐅
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Solution & Element Forces

?𝐅% = 𝐊%𝐮% + A𝐅%

ub = TblTlgTgaTafu f

Never:   uf = Kf–1 Ff

Always:   uf = Solve(Kf, Ff)

MNF =
2EI
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⋅ 2 ⋅θN +θF − 3 ⋅ψ AB( ) + FEMNF



Additional Topics

Static condensation

Settlements & imposed displacements

Springs

DOF dependencies



More lectures:

Terje’s Toobox:

terje.civil.ubc.ca


